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Ĥ = T̂ + V̂ee + V̂ext, .@AB/

#8 C%# T̂ : ) );#+*()+ #'#+$&* 5&':,&5*0 V̂ee : ) );#+*()+ #'#+$&* (#

&',#+*D<) # V̂ext : ) ;),#'5&*- #E,#+')A F) ;+&'5>;&) =*+&*5&)'*-0 ,#8)7

C%#?
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(2)|Ψ1〉, .@A  /

# #',<)?

E
(2)
0 < E

(1)
0 +

∫

d3r n1(r)
[

V̂ext,2(r)− V̂ext,1(r)
]

. .@A @/



 !

"#$%&'# %( )*+%,-)( . /0!1 ) . /0 12 #34)$#(5

E
(1)
0 +E

(2)
0 <

∫

d3r [n2(r)− n1(r)]
[

V̂ext,1(r)− V̂ext,2(r)
]

+E
(1)
0 +E

(2)
0 .

. /061

78#9%2 () n2(r) = n1(r)2 4)9)$#( *+)5

E
(1)
0 + E

(2)
0 < E

(1)
0 + E

(2)
0 =⇒ :#&49%';,<#= . /0>1

?#94%&4#2 n2(r) &<# @#') ()9 ;8+%A % n1(r) :%(# Ψ1 ()B% ';C)D

9)&4) ') Ψ2/ E+ ()B%5

Ψ1 6= Ψ2 =⇒ )&4<# =⇒ n1(r) 6= n2(r), . /0F1

n(r) ')4)9$;&% Ψ(r) → Ψ(r) G C+&:;#&%A ') n(r) /

H;&%A$)&4)2 :I)8%$#( %5

Ψ(r1, ..., rN ) = Ψ[n(r)]. . /0J1

K(4% ')$#&(49%,<# '# L)#9)$% ') M#I)&3)98DN#I& G :I%$%'% ')  !"

#$%&' (' ()*$ #' .01/

O @#((PQ)A @9#Q%9 % @#((;3;A;'%') ') ')(:9)Q)9 *+%;(*+)9 )(4%'#(

)R:;4%'#( % @%94;9 '% ')&(;'%') '# )(4%'# C+&'%$)&4%A n(r)/ ?%9%

4%&4#2 3%(4% $#(49%9 *+) Vext = Vext[n(r)]/ ?%94;&'# '% )*+%,<# ')

":I9S';&8)9 @%9% # )(4%'# C+&'%$)&4%A5
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ENI [n] = Ts[n] +
∑

σ

∫

d3r nNI
σ (r)vs,σ[n](r). L = VM

Q )501&5-35BC% )$ )$,05)()$ )% $01()% ?3,)('$,1(7 T %-15)( 4%& '$5%

)( '5,5'58(BC%

δ(ENI [n]− µ
∑

σ

∫

d3r′ nNI
σ (r′))

δnNI
σ (r)

= 0, L = WM

$' 23$

N =
∑

σ

∫

d3r′ nNI
σ (r′) =

∑

σ

Nσ. L = GM

"3 0$X(S

δTs[n]

δnNI
σ (r)

+ vs,σ[n](r) = µ. L = FM



  

!"##$%&# "'&(" " )% #*#+$%" *,+$("'$,+$- .$#+$ /"#&0 )%" 1"#

$2)"34$# 56#*/"# 1" 789 1*: ($#;$*+& < $,$('*" +&+"= 1$ )% #*#+$%"

$=$+(>,*/&?

E[n] = Ts[n] + EH [n] + Exc[n] + Vext[n], @ - AB

1$/&%;&#+" $% #)"# /&,+(*5)*34$# 1$ $,$('*" /*,C+*/" Ts[n] 1$ )% #*#D

+$%"  !" # $%&'(% $%0 $% 2)$ &# $=C+(&,# #$ %&E$% #$% #$,+*( " ;($D

#$,3" 1&# 1$%"*#0 *,+$("3F& /=6##*/" 1$ G"(+($$ EH [n] $ $,$('*" 1$E*1&

" )% ;&+$,/*"= $H+$(,& Vext[n]- I=C% 1*##&0 Exc[n] ($;($#$,+" " $,$('*"

1$ $&")' % )"&&%*'+!" @JKB0 2)$ *,/=)* +&1"# "# /&(($34$# ,$/$##6(*"# <#

";(&H*%"34$# $L$+)"1"# ,&# +$(%&# 1$ T [n] $ Vee[n]0 &) #$M"0

Exc[n] = (T [n]− Ts[n]) + (Vee[n]− EH [n]) , @ - NB

/&% T [n] $ Vee[n] #$,1& "# $,$('*"# /*,C+*/" $ 1$ *,+$("3F&- O$,1& "##*%0

)%" E$: /&,P$/*1& & L),/*&,"= Exc[n] $H"+&0 " $,$('*" 1& ;(&5=$%" 1$

%)*+&# /&(;&# C $H"+"%$,+$ 1$+$(%*,"1"- !"(" & #*#+$%" *,+$("'$,+$0

+$%&# 2)$?

δTs[n]

δnσ(r)
+
δEH [n]

nσ(r)
+
δExc[n]

nσ(r)
+ vext[n](r) = µ. @ - QB

R&P, $ OP"% *%;)#$("% 2)$ "# %*,*%*:"34$# @ - SB $ @ - QB =$E"##$%

< %$#%" 1*#+(*5)*3F& 1$ 1$,#*1"1$ 1& $#+"1& L),1"%$,+"=0 &) #$M"0

nσ(r) ≡ nNI
σ (r). @ -TUB

V')"=",1& "# $2)"34$# @ - SB $ @ - QB0 +$%&#?

vs,σ[n](r) = vH,σ[n](r) + vxc,σ[n](r) + vext,σ[n](r), @ -TWB

$% 2)$

vH,σ[n](r) =
δEH [n]

δnσ(r)
=⇒ !&+$,/*"= 1$ G"(+($$; @ -T B

vxc,σ[n](r) =
δExc[n]

δnσ(r)
=⇒ !&+$,/*"= 1$ 9(&/" $ K&(($="3F&. @ -TTB

I##*%0 " ;"(+*( 1" $2)"3F& ,F& *,+$("'$,+$ @ - WB0 #&%&# /";"D

:$# 1$ &5+$( " %$#%" 1$,#*1"1$ 1& $#+"1& L),1"%$,+"= 2)$ &5+$(X"%&#

/"#& $#+*EC##$%&# ($#&=E$,1& " $2)"3F& 1$ O/P(Y1*,'$( *,+$("'$,+$ 1$
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"#$%&' (&)*&'+ ,-)- $''&. /010"&' #%$2$3-) & *&%04($-2 050%$1& vs,σ[n](r)
/-/& *02- 06#-78& 9 +!:;+ <'*0($=(-"04%0. %0"&'>

[

−
∇2

2
+ v

 !,σ[n](r)

]

ψkσ(r) = εkσψkσ(r), 9 +!?;

v
 !,σ[n](r) = vH,σ[n](r) + vxc,σ[n](r) + vext,σ[n](r) =⇒

,&%04($-2 @&A4BCA-",

9 +!D;

0

n(r) =
∑

σ

Nσ
∑

k

fkσ|ψkσ(r)|
2 =

∑

σ

nσ(r). 9 +!E;

F' 06#-7G0' 9 +!?;B9 +!E; )0(0H0" & 4&"0 /0  !"#$% & ' ()*+,-*#.

9@C;+ F 06#-78& /0 @&A4BCA-" I )0'&21$/- /0 5&)"- -#%&(&4'$'%04%0.

(&45&)"0 0'6#0"-%$3-/& -H-$J&>

K ($(2& I )0'&21$/& /- '0L#$4%0 5&)"-> (&"07-"&' (&" #" 1-2&)

%0'%0 *-)- - /04'$/-/0M - '0L#$) (-2(#2-"&' & *&%04($-2 050%$1& -%)-1I'

/- 06#-78& 9 +!D; 0 '#H'%$%#N"&' & )0'#2%-/& 0" 9 +!?;. )0(-2(#2-4/&

-''$" n(r) - *-)%$) /- 06#-78& 9 +!E;+ ,&) =". (&"*-)-"&' (&" & 1-2&)

$4$($-2"04%0 0'(&2A$/&+ K ($(2& '0 )0*0%0 -%I 6#0 - -#%&(&4'$'%O4($- '0P-

-%$4L$/-+
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 !" # $%&'(#&)* +, -.#') , '#./

.,*)01# 23'4

"#$%&%'(%) *+,))%) -% ,.&/0#1,23%) .,&, / $4'*#/',+ 56 )% )%7

84#&,1 -4&,'(% , 9#)(:&#, -/ -%)%';/+;#1%'(/ -, "<=> ?%1 -@;#-,A ,

,.&/0#1,2B/ 56 1,#) )#1.+%) C4% ./-%1/) #1,8#',&A .&/./)(, DE %1

FGH! ./& I/9%'J%&8 % K/9' LFMA N , *9,1,-,  !"#$%& '(# ) )*+,%) )*

-#. -A /4 O"P> "% 41, $/&1, 8%&,+A (%1/) C4%

E !"

xc [n] =

∫

ehomxc [n]n→n(r)d
3r, L >QRM

*/1 ehomxc [n] #'-#*,'-/ , %'%&8#, -% (&/*, % */&&%+,2B/ ./& ;/+41% -%

41 )#)(%1, 9/1/8S'%/ */1 -%')#-,-% n> P.%),& -, )#1.+#*#-,-%A ,

,.&/0#1,2B/ -, -%')#-,-% +/*,+ $%T 9#)(:&#, $/&'%*%'-/ J/') &%)4+(,-/)

.,&, 14#(/) )#)(%1,) 'B/ 9/1/8S'%/)>

U )%84'-/ .,))/ %1 -#&%2B/ ,/ ,.&#1/&,1%'(/ -/) $4'*#/',#)

-% %'%&8#, 56 '/) +%;, ,/ */'*%#(/ -% ,.&/0#1,2B/ 8%'%&,+#T,-, -%

8&,-#%'(%)A /4 VVPA

E##"

xc =

∫

eGGA
xc [n,∇n]n→n(r)d

3r, L >QWM

C4% #'(&/-4T / 8&,-#%'(% -, -%')#-,-% ∇n */1/ #'8&%-#%'(% ,-#*#/',+

X ,.&/0#1,2B/ +/*,+>

?%84#'-/ , .&/./)(, -% Y%&-%Z L[,*/J\) +,--%&M L]MA *9%8,1/)

,/ (%&*%#&/ .,))/ */'*%#(4,+^ , *9,1,-, 1%(,7VVPA -%_'#-, */1/

E$##"

xc =

∫

eMGGA
xc [n,∇n,∇2n, τ ]d3r, L >QGM

%1 C4% #'*+4`1/) /) O,.+,*#,'/) ∇2n -, -%')#-,-%A ,+N1 -, -%')#-,-%

/&J#(,+ -% %'%&8#, *#'N(#*,A

τ(r) =
1

2

∑

k

|∇2ψk(r)|
2. L >!aM

P O"P N 41 $4'*#/',+ +/*,+ %'C4,'(/ C4% , VVP 41 $4'*#/',+ )%1#+/7

*,+ -, -%')#-,-%> P ,.&/0#1,2B/ 1%(,7VVP N 41 $4'*#/',+ )%1#+/*,+

-, -%')#-,-% % -/) /&J#(,#) ψkσ &%)4+(,'(%) -/ *E+*4+/ K/9'7?9,1> U

.&:0#1/ .,))/ '/ -%)%';/+;#1%'(/ -% '/;/) $4'*#/',#) %0#8% / -%),_/



 !

"# $"%&%'($) *+ +$%') (,+#)' "# %(-')+$./#0 (1' 2'&$%03 4') "#5(%6

.1'7 8'"#+'0 )##0&)#9#) Exc "#5(%"' 8#2$ #:*$.1' ; 3 <= "$ 0#>*%(?#

+$(#%)$@

Exc[n] = Ex[n] + Ec[n], ; 3AB=

&'+ Ex 0#("' ' ?#)+' "# ?)'&$ # Ec $ #(#)>%$ "# &'))#2$.1'3 C00%+7 '

:*$)?' "#>)$* "$ &2$00%5&$.1' &'(&#%?*$2 8)'8'0?$ 8') 4#)"#D %(&2*% $

"#(0%"$"# "# #(#)>%$ "# ?)'&$ ex7 ($ %"#%$ "# E%8#)6FFC@

E !!"xc [n] =

∫

eHGGA
xc [n,∇n,∇2n, τ, ex]d

3r. ; 3A =

G+ ?'"'0 '0 "#>)$*0 "$ &2$00%5&$.1' 8)'8'0?$ 8') 4#)"#D7 H

&'+*+ 'I0#)9$)+'0 ' &E$+$"' #))' "# $*?'6%(?#)$.1'7 &*J$ "#5(%.1'

0#)K $I')"$"$ ($ 0#:*L(&%$3

 !" #$%%&'(&) *& +,-$./0-&%+'1$

4$)$ 0%0?#+$0 &'(?#("' $8#($0 *+ #2H?)'( ;N = 1=7 0$I#+'0

:*# $ %(?#)$.1' #2#?)M(%&$ Vee "#9# 0#) (*2$3 N' #(?$(?'7 $ 9$(?$>#+

# &'(9#(%L(&%$ "# 0# *?%2%O$) $ "#(0%"$"# #+ 9#O "$0 -*(./#0 "# '("$

-$O &'+ :*# #00$ 8)'8)%#"$"# 0#J$ *+$ "$0 +$%0 "%-P&#%0 "# 0#)#+ 0$6

?%0-#%?$0 8') :*$2:*#) -*(&%'($2 "$ "#(0%"$"#7 %(&2*%("' $ QRC7 FFC

# $?H +#0+' $2>*+$0 "$0 +$%0 +'"#)($0 E%8#)6FFC03 S ' &E$+$"'

#))' "# $*?'6%(?#)$.1' ;TUG=7 "$("' ')%>#+ V (#&#00%"$"# "#  !""#$%#&

'# ()*!+,-*#"($.! ;TUW=7 *+ 9P(&*2' #X$?' $ 0#) 0$?%0-#%?' # :*# 8'"#

0#) $82%&$"' $ &$"$ *+ "'0 "#>)$*0 &'(&#%?*$%0 $8)#0#(?$"'0 ($ 0#.1'

$(?#)%')3

Y#)+% # C+$2"% 8)'8*0#)$+ $ 8)%+#%)$ TUW7 #0&)%?$ &'+'@

V #"ee [n] =

(

1−
1

N

)

EH [n], ; 3AZ=

0#("' #00$ $ &'))#.1' "# $*?'6%(?#)$.1' 0#>*("' Y#)+% # C+$2"% ;YC6

TUW= ; [=7 >$)$(?%("' :*# Vee = 0 8$)$ N = 13 W$I# 'I0#)9$) :*#

$ YCTUW -'% 8)'8'0?$ &'+ ' %(?*%?' "# &'))%>%) ' +'"#2' "# \E'+$06

Y#)+% ; <7 ]7Z^=7 :*#7 8') 0*$ 9#O7 &'(0%"#)$ $8#($0 ' ?#)+' "# _$)?)##

&'+' $ #(#)>%$ "# %(?#)$.1' ;'* 0#J$7 (1' 2#9$ #+ &'(?$ ?)'&$ # &')6

)#2$.1'=3 4)'8'0?' #+ B] [ # JK ?'+$("' $ "#(0%"$"# &'+' 9$)%K9#2

&E$9#7 ' +'"#2' "# \E'+$06Y#)+% 8'"# 0#) 9%0?' &'+' *+$ $I')"$>#+

$(&#0?)$2 "$ RY\3
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"#$ %&'&(%&$ %) *$)(%&+) ,(-&*$)%) N (# %&(#.,()%#$/ )

)'$#0,.)12# %& 3&$.,45.)6%, (2# 7 8#(9,9-&(-& &. -).)(:#; ")$)

%#,9 9,9-&.)9/ A & B/ (# 6,.,-& %& 9&')$)12# ,(<(,-)/ %&=&$>).#9 -&$

?@&

Vee[nA + nB ] = Vee[nA] + Vee[nB ]. A ;BBC

"#$7./ -&.#9

V  !ee [nA + nB ] =

(

1−
1

NA +NB

)

EH [nA + nB ]

=

(

1−
1

NA +NB

)

(EH [nA] + EH [nB ])

6=

(

1−
1

NA

)

EH [nA] +

(

1−
1

NB

)

EH [nB ],

A ;BDC

,(%,8)(%# @. '$#E6&.) 8#(8&,-@)6 %# .#%&6#; 5'&9)$ %) ,.'#$-F(8,)

:,9-G$,8)/ ) 8#$$&12# %& 3&$.,45.)6%, (2# 9&$H 8#(9,%&$)%) 8#. .),9

%&-)6:&9 (# %&8#$$&$ %&9-& -$)E)6:#;

5 '$#'#9-) I&,-) &. JKLJ '#$ "&$%&M & N@(*&$ AOC -#$(#@49& )

8#$$&12# %& )@-#4,(-&$)12# .),9 8#(:&8,%) & ,.'6&.&(-)%); ")$-,(%#

%)  !"#$%&' %#9 -&$.#9 %& -$#8) & 8#$$&6)12#/ -&.#9P

Ex[n] = 〈ψ
min
n |V̂ee|ψ

min
n 〉 − EH [n], A ;B!C

&

Ec[n] = 〈Ψ
min
n |T̂ + V̂ee|Ψ

min
n 〉 − 〈ψmin

n |T̂ + V̂ee|ψ
min
n 〉, A ;BOC

8#. ψmin
n & Ψmin

n ,(%,8)(%# #$E,-),9 Q#:(4R:). & I@(1S&9 %& #(%) %&

.@,-#9 8#$'#9/ ?@& %2# #$,*&. T %&(9,%)%& n(r); U,)(-& %& @. &67-$#(/

V̂ee ≡ 0/ 8#(%@+,(%#4(#9 )

Ex[n
(1)] = −EH [n(1)], A ;BLC

&

Ec[n
(1)] = 0, A ;BKC

@.) =&+ ?@&

〈Ψmin
n(1) |T̂ |Ψ

min
n(1) 〉 = 〈ψ

min
n(1) |T̂ |ψ

min
n(1) 〉, A ;DVC
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"#$ n(1)(r) %&'%"(&'# ( ')&*%'(') )+),-.&%"( ') /$ *%*,)$( ') /$

)+0,-#&1

2#-,(&,#3 /$ 4%5#,0,%"# 6/&"%#&(+ 78 )9(,# :Exc[n] = Ex[n]+
Ec[n]; ')<) *(,%*6(=)- ( *)>/%&,) %>/(+'(')?

EH [n(1)] + Exc[n
(1)] = 0. : 1@A;

B# )&,(&,#3 5(-( ( $(%#-%( '#* 6/&"%#&(%* (5-#9%$('#* #* <C&D

"/+#* : 1EF; ) : 1EG; #/ : 1@A; &H# *H# *(,%*6)%,#*1 I(*)('#* &)**) 6(,#3

2)-')J ) K/&>)- :!; 5-#5/*)-($ L/)?

E !"#$xc [n] ≡ E !"#$xc [n↑, n↓]

= E%&'()xc [n↑, n↓]−
∑

σ

Nσ
∑

k

(EH [nkσ] + E%&'()xc [nkσ, 0]) ,

: 1@ ;

L/) 5#') *)- (5+%"('( ( L/(+L/)- 6/&"%#&(+ ') )&)->%( (5-#9%$('#

:MNO3 PPO3 ),"1;3 "#$?

nkσ(r) = fkσ|ψkσ(r)|
2, : 1@Q;

*)&'# ')R&%'( "#$# (  !"#$ % ! &'($)%*1 S 6/&"%#&(+ 2KTU8 */V,-(% #-D

V%,(+ 5#- #-V%,(+ ( "#&,-%V/%WH# ') (/,#D%&,)-(WH# -)6)-)&,) X ')&*%'(')

#-V%,(+ nkσ(r)3 >(-(&,%&'# L/) #* <C&"/+#* : 1EF; ) : 1EG; *)Y($ *(,%*6)%D

,#* 5(-( /$( '%*,-%V/%WH# ') ')&*%'(') ') /$ )+0,-#&1 S &Z$)-# 0 )$

E%&'()xc [nkσ, 0] %&'%"( L/) ( "#--)WH# 0 6)%,( *)5(-('($)&,) 5(-( "('(

"(&(+ ') *5%&1 O "#--)WH# 2KTU8 ,)$ *%'# $/%,# /,%+%=('( &#* Z+,%$#*

(&#*3 5-%&"%5(+$)&,) )$ *%,/(W[)* L/) -)L/)-)$ # %&"-)$)&,# '( +#"(D

+%=(WH# )+),-.&%"(1 \ %$5#-,(&,) -)**(+,(-3 &# )&,(&,#3 L/) )+( &H# ')<)

*)- )&"(-('( "#$# /$( 5(&("0%(3 <%*,# L/) ( )9(,%'H# *] 0 >(-(&,%'(

5(-( *%*,)$(* ') /$ )+0,-#&? 4^ $/%,#* "(*#* ') */")**# ("#$5(&4(D

'#* ') "(*#* ') %&*/")**# -)+(,('#* &( +%,)-(,/-( :QA3 Q 3 QQ3 QE;1 O+0$

'%**#3 "#&,%&/( *)&'# /$ ')*(R# )&,)&')- "#$# /$ )--# V)$ ')R&%'#

5(-( N = 1 :ADTU_; *) 5-#5(>( '%(&,) ') *%*,)$(* ') $/%,#* )+0,-#&*1

B)**) *)&,%'#3 # -)")&,) "#&")%,# ') `)--# ') ')+#"(+%=(WH#a ,)$ *%'#

/,%+%=('# "#$# /$( >)&)-(+%=(WH# '# ADTU_3 +)<(&'# X %')%( ') `)--# ')

(/,#D%&,)-(WH# ') $/%,#* )+0,-#&*a3 #/ BDTU_ :Q@;1

O5)*(- ') *)-)$ (* $(%* "#&4)"%'(*3 (+0$ '( bOTU8 ) 2KTU8

)9%*,)$ #/,-(* "#--)W[)* ') (/,#D%&,)-(WH# '%*5#&C<)%* :Qc3 Q!3 QF3 QG;3

,#'(* >(-(&,%&'# ( (/*d&"%( ') (/,#D-)5/+*H# )$ *%*,)$(* $#&#)+),-.D

&%"#*1
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 !" # $%&#'# #() ( *+,* *-$).-/-0

1,23(*

"#$% &' &()*+&'&(, -.)/+0)'+* %'+* %0&(1)0* /0%0 %(2' (

3+4(1566"*, '**+% /0%0 ' /011(780 &( '.205+)2(1'780 9:;<=, 40&(%

2'%>$% -'?(1 .*0 (@4#A/+20 &0* 01>+2'+* B;, C+' &()*+&'&( &( ()(15

D+' /+)$2+/', &( 210/' 0. &()*+&'&(* 01>+2'+*, 401 (@(%4#0E =0%0, C+'

2(01(%' &( FB, 0* 01>+2'+* 401 *+ *G 2'%>$% *80 -.)/+0)'+* &' &()*+5

&'&(, $ /0%.% /#'**+H/'1 2'+* '>01&'D()* /0%0  !"#$%"&$' $()*+#$,%'

0. %-.$,&$' &' &()*+&'&( I!JE "**+%, )0 /K#/.#0 C'1+'/+0)'# L.( #(C' '0

402()/+'# (-(2+C0 &' (L.'780 &( B03)5;3'% 2(1(%0* L.(

vxc,σ[n](r) =
δEorb

xc [{ψmτ}]

δnσ(r)
. I EMNJ

O80 /0)3(/()&0 (@4#+/+2'%()2( ' &(4()&P)/+' &0 -.)/+0)'# &( ()(1D+'

Q= /0% ' &()*+&'&( nσ(r), 0 410/(&+%()20 -01%'#%()2( /011(20 &(

21'2'1 (**( 2+40 &( *+2.'780 $ 0 /3'%'&0 RS9 IR42+%+?(& ST(/2+C(

902()2+'#J 0. R9U IR42+%+?(& 902()2+'# U(230&J I!, V, WXJ, L.( D(1'

.% 402()/+'# %.#2+4#+/'2+C0 #0/'# /0%.% ' 20&0* 0* 01>+2'+* B;E S%

*A)2(*(, 2(%0* L.(

vxc,σ[n](r) =
δEorb

xc [{ψmτ}]

δnσ(r)

=
∑

α

Nα
∑

k

∫
[

δEorb
xc [{ψmτ}]

δψkα(r′)

δψkα(r
′)

δnσ(r)

]

d3r′ + c.c.

I EMMJ

"4G* %')+4.#'780 %'2(%K2+/' &(*/1+2' )0 '4P)&+/( ", ' (L.'780 RS9

40&( *(1 (*/1+2' /0%0Y

Nσ
∑

k

∫

ψ∗
kσ(r

′) [fkσvxc,σ[n](r
′)− uxc,kσ[n](r

′)]GKS,kσ(r
′, r)ψkσ(r)d

3r′

+ c.c. = 0,

I EMZJ

/0% 0 ≤ fkσ ≤ 1,

uxc,kσ[n](r
′) =

1

ψ∗
kσ(r

′)

δEorb
xc [{ψmτ}]

δψkσ(r′)
, I EM[J
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"

GKS,kσ(r
′, r) =

∞
∑

m(m 6=k)

ψ∗
mσ(r)ψmσ(r

′)

εkσ − εmσ
. # $%&'

()*) +"*),- ./ "01/23) # $%4' ) 5)6".78/9 9)7/9 *19685987/68+)

vxc,σ[n](r
′) .3) /5/:"7" 8,)9/;) ;" <):*/ "=59>786/- ;"+".;) ,": 86":/;)

? /16)@7).,8,6A.78/ ;".6:) ;" 7/;/ 7879) /16)@7).,8,6".6" ;/, "01/2B",

CD # $EF'@# $E4'$ G/9 5:)7";8*".6) 6:/H 7).,8I) 1* 7).,8;":J+"9 71,6)

7)*516/78)./9$ K",," ,".68;)- 1*/ ;/, 5:8*"8:/, /5:)=8*/2B", 5/:/ /

"01/23) LMN <)8 5:)5),6/ 5): C:8"I":- O8 " P/<:/6" #FQ'- /5:)=8*/.;)

/ 7R/*/;/ <1.23) ;" S:"". CD "=5:",,/ ./ "01/23) # $%&' 7)*)T

GKS,kσ(r
′, r) =

∞
∑

m(m 6=k)

ψ∗
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$&+ ,61&7P,+ KB;

QN &4#$& )&4+ 1)& G%.)& $, +4)-'4RM&. & ,61&78% HIJ* M%#O

+4$,.&#$% % +,014#2,F

|ψkσ(r)|
2

nσ(r)
=

|ψkσ(r)|
2

∑

k fkσ|ψkσ(r)|2
≈

1
∑

k fkσ
=

1

Nσ
. 9:;@D>

B1?+24214#$% 9:;@D> ,) 9:;@ >* %?2,)%+ & &-.%A4)&78% $,  !"#$ %&'($&

9STU> 9DE>F

vGAM
xc,σ [n](r) =

1

2Nσ

Nσ
∑

k

uxc,kσ[n](r) + c.c. 9:;@<>

H+ -.%M,$4),#2%+ HIJ* KL"* B'&2,. , STU +8% M%)-',2&),#2,

0,.&4+* -%$,#$% +,. &-'4M&$%+ & )*$&)*+, G1#M4%#&' $& $,#+4$&$,; I)

#,#51) )%),#2% &$)424)%+ 1)& G%.)& ,+-,MVRM& -&.& Eorb
xc [{ψmτ}];

T'() $4++%* ,) 2%$%+ %+ M&+%+ &2( &614 $4+M124$%+ % MN'M1'% $& $,.4W&$&

G1#M4%#&' uxc,kσ[n](r) ,) .,'&78% &%+ %.?42&4+ +, G&/ #,M,++N.4%; X%

,#2&#2%* -&.& G1#M4%#&4+ )&4+ )%$,.#%+ , +%R+24M&$%+ M%)% &+ 54-,.O

SST+* 4#M'1+4W, % MN'M1'% $,+2, 2,.)% -%$, &-.,+,#2&. .,'&24W& M%)O

-',A4$&$,; J%. ,++& .&/8%* &'() $, -# .&#/0$, % HIJ* ( 4#2,.,++&#2,
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$*-D&' * '&:&$ <&86*' &$ ',* '#9,-.#1 "#$&7&$#' :&&'7:&%&);# /01234

7#$#

Nσ
∑

k

ψkσ(r)Ψ
∗
kσ(r) + c.c. = 0, /01EF4

7#$

Ψ∗
kσ(r) = −

∞
∑

m(m 6=k)

〈ψkσ|uxc,kσ[n]− fkσvxc,σ[n]|ψmσ〉

εkσ − εmσ
ψ∗
mσ(r). /01E24

G:H=8$#' 5*''#'I

[

ĥKS,σ − εkσ

]

Ψ∗
kσ(r) =

∞
∑

m=1

〈ψkσ|uxc,kσ[n]− fkσvxc,σ[n]|ψmσ〉ψ
∗
mσ(r)

− 〈ψkσ|uxc,kσ[n]− fkσvxc,σ[n]|ψkσ〉ψ
∗
kσ(r)

= [uxc,kσ[n](r)− fkσvxc,σ[n](r)]ψ
∗
kσ(r)

− (ūxc,kσ[n]− fkσ v̄xc,kσ[n])ψ
∗
kσ(r),

/01EE4

JC +,&

∞
∑

m=1

ψmσ(r
′)ψ∗

mσ(r) = δ(r− r
′), /01EK4



 !

" #$% &' (")*+,-"'

v̄xc,kσ[n] =

∫

ψ∗
kσ(r

′)vxc,σ[n](r
′)ψkσ(r

′)d3r′, ./0123

ūxc,kσ[n] =

∫

ψ∗
kσ(r

′)uxc,kσ[n](r
′)ψkσ(r

′)d3r′, ./01 3

$4 '"5&6 &' %7(+&' (" vxc,σ[n](r
′) " uxc,kσ[n](r

′) '$89" $ k:7'+%$ $98+;&<0

/''+%

vKS,σ(r)Ψ
∗
kσ(r) =

[

εkσ − t̂s
]

Ψ∗
kσ(r)

+ [(uxc,kσ[n](r)− fkσvxc,σ[n](r))

− (ūxc,kσ[n]− fkσ v̄xc,kσ[n])]ψ
∗
kσ(r).

./01=3

>4<;+?<+#&*($ ./01@3 ?$9 vKSσ6 ;"%$'

Nσ
∑

k

ψkσ(r)vKS,σ(r)Ψ
∗
kσ(r) + c.c. = 0. ./01A3

B48';+;4+*($ & "C4&,D$ ./01=3 "% ./01A36 '"E4" C4"

Nσ
∑

k

{

ψkσ(r)
[

εkσ − t̂s
]

Ψ∗
kσ(r) + ψkσ(r)[uxc,kσ[n](r)− fkσvxc,σ[n](r)

+ fkσ v̄xc,kσ[n]− ūxc,kσ[n]]ψ
∗
kσ(r)}+ c.c. = 0,

./01!3



 !

" #$$%&

vxc,σ[n](r) =
1

2nσ(r)

Nσ
∑

k

{

|ψkσ(r)|
2 [uxc,kσ[n](r) + fkσ v̄xc,kσ[n]− ūxc,kσ[n]]

+ψkσ(r)
[

εkσ − t̂s
]

Ψ∗
kσ(r)

}

+ c.c.

'()*!+

,#$

εkσψkσ(r) =
[

t̂s + vKS,σ(r)
]

ψkσ(r). '()*-+

./012

vxc,σ[n](r) =
1

2nσ(r)

Nσ
∑

k

{

|ψkσ(r)|
2 [uxc,kσ[n](r) + fkσ v̄xc,kσ[n]− ūxc,kσ[n]]

−ψkσ(r)t̂sΨ
∗
kσ(r) + Ψ∗

kσ(r)t̂sψkσ(r) + ψkσ(r)vKS,σ(r)Ψ
∗
kσ(r)

}

+ c.c.

'()*3+

4" '()56+7 2 890%&2 0":&2 ;# "<=#>12 #/0":%2: ? /=927 ;" @2:&#

# 2A0":&2$ # "<=#>12 B2&C9"0# D.EF

vxc,σ[n](r) =
1

2nσ(r)

Nσ
∑

k

{

|ψkσ(r)|
2 [uxc,kσ[n](r) + fkσ v̄xc,kσ[n]− ūxc,kσ[n]]

−ψkσ(r)t̂sΨ
∗
kσ(r) + Ψ∗

kσ(r)t̂sψkσ(r)
}

+ c.c.

'()*5+
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"#$%#&'( )(*+&(,('#* $- *(./# 0123 - 4&5'(5&- )-* *5'4657+-8

.9(* 4-&- - (:;-./# <=> +#$*5*?( (' -4&#@5'-&'#* - %;$./# )( A&(($

BC D01EFG3 +#$);H5$)#8$#* I -4&#@5'-./# BJK1 "#'# +-'5$L# -6?(&$-8

?5,#3 )(*4&(H-$)# #* )#5* M6?5'#* ?(&'#* )- (:;-./# DN1OPG3 #Q?('#*

$#,-'($?( - -4&#@5'-./# BJKR

vKLI
xc,σ [n](r) =

Nσ
∑

k

|ψkσ(r)|
2

2nσ(r)

{

uxc,kσ[n](r) + fkσ v̄
KLI
xc,kσ[n]− ūxc,kσ[n]

}

+ c.c.

DN1OOG


