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 !"#$%&#' ($ ( ()*'# +,-"  !. !,%+ , " + "/#$0"%, !,++*% '#%+ 1"#*+

2 3%- "2#2 45678

9%1*"# 586: ;",&#+ 2  ( "1%#+  ($" +%+$ '#   " + "/#$0"%,  !8

< 2 (+%2#2 2 !",-#-%3%2#2 2 *' +%+$ '# +*-' $%2, #, "#$"%&'"

&#(=(%&, > !",!,"&%,(#3 # exp
[

− E
kBT

]

 # ?*(@A, !#"$%@A, > 2 B(%2#

&,',

Zc =
∑

r

exp

[

− Er

kBT

]

C58DEF

,(2 # +,'# > +,-" ,+  +$#2,+ r8 G* #%(2#. !#"# *' +%+$ '# 2 N
!#"$H&*3#+.

Zc =
1

N !

∫

dp

∫

drexp

[

−E(r,p)

kBT

]

C58DIF

J#"# , "#$"%&'" &#(=(%&, $,2,+ ,+ /#3," + 2  ( "1%# +A, ! "'%$%2,+

 #+ K*$*#@L + 2  ( "1%# +A, 2%? " ($ + 2 M ",8 < !",-#-%3%2#2 P (E)
N* , +%+$ '#  $ ()#  ( "1%#  ' *' ! N* (, %($ "/#3,  ($" E  

E + δE > +%'!3 +' ($ ,-$%2# #2%&%,(#(2, #+ !",-#-%3%2#2 + 2 $,2,+

,+  +$#2,+ &*O#  ( "1%# " +%2 ( +$ %($ "/#3,. ,* + O#.

P (E) =
∑

r

Pr C58DPF

,(2 " > $#3 N* E < Er < E + δE8 Q#+ 2 #&,"2, &,' , !,+$*3#2,

?*(2#' ($#3 2#  +$#$H+$%&#. $,2,+  +$ +  +$#2,+ +A, %1*#3' ($ !",/R/ %+

 &#"#&$ "%M#2,+  ++ (&%#3' ($ ! 3, ' +', ?#$,"  S!,( (&%#3 e−E/kBT
.

!,"$#($,. > !" &%+, #! (#+ '*3$%!3%&#" # !",-#-%3%2#2 2  (&,($"#"  

DI
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 ! "! # $$  $%&#'$ ( )' *+! ,' Ω(E) #  $%&#'$ * $$ -*% ,.&)' # 

 * ,/-& 0123

P (E) = CΩ(E)exp

[ −E

kBT

]

415167

8 ! #-#& 9" ' $-$% !&  :;& !&-', 4 !<',& &-*#& !"-%' ! *', 9" 

 ! 7= ' *+! ,' #  $%&#'$ Ω(E) > "!& ?"*@A' # " 9" ;, $; ,&B

(-#&! *% 5 8 (, $ *@& #' ?&%', e−E/kBT
?&C # ;, $; , ,&(-#&! *% =

, $")%&*#'  ! "! !DE-!' ' (,'#"%' # Ω(E)e−E/kBT
5

F-/",& 15GH I ( *#J*;-& #& ?"*@A' Ω(E)e−E/kBT
;'! E (&,& "! $-$B

% !& !&;,'$;K(-;'5

L"&*%' !&-', >  !&-$ ,&(-#&! *% Ω(E) &"! *%& ;'! & M=  !&-$

*N%-#'  $% !DE-!'  ! P (E) $ %',*&5 8  E(, $$A' 1516 > .D)-#&= *A'

-!(',%& 9"A' ( 9" *&  $ O&5

 !" #$%$&'()*+ ,' -$./%$0' 123*043'5

P!&$ #&$ 9" $%Q $ !&-$ , ;',, *% $ > ' "$' # "!& ?',@& ;)D$$-;&= '"

$ O&= ' "$' #& ) - # R S%'* (&,& # $;, . , ' !'.-! *%' # D%'!'$=

9"&*#' $ $&< 9" $-$% !&  ! *N. -$ &%T!-;'$ '< # ; ! &$ ) -$ #&

U ;V*-;& L"V*%-;&  ! . C # ) -$ ;)D$$-;&$5

P! $-!() $ % $% # .&)-#&# #& &(,'E-!&@A' ;)D$$-;& > <&$ &#' *'

;'!(,-! *%' # '*#& %>,!-;' # W,'/)- = # :*-#' ;'!'=
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Λ =

√

2π2~2

MkBT
 !"!#$

%&' M ()*+& , ',((, ,-.'/%, ) T , -)'0)1,-21, +& (/(-)'," 3 ,01&4

5/',67& %89((/%, : ;2(-/<%9=)8 () Λ ≪ a> %&' a ()*+& , ()0,1,67& ':+/,

)*-1) 9-&'&( =/?/*@&(" A*-1)-,*-& =,8) 1)((,8-,1 B2) )C)/-&( B2D*-/%&(

() -&1*,' /'0&1-,*-)( )' B2,8B2)1 (/(-)', &*+) , -)'0)1,-21, T :

(2<%/)*-)')*-) E,/5,> ) *)(()( %,(&( &( 1)(28-,+&( +, FG %89((/%, C,4

8@,'"

H2-1, 8/'/-,67& ,01)()*-,+, : & 1),8/('& +, (/'28,67& 0&1 FG"

3( C&16,( (7& 1)(0&*(9=)/( 0)8& '&=/')*-& +&( 9-&'&(  0,1-I%28,($ B2)

%&*(-/-2)' & (/(-)',> -,*-& *& (/(-)', CI(/%& 1),8 B2,*-& *& (/'28,+&>

+)((, C&1', 2', (/'28,67& ()19 1),8I(-/%,> &2 ();,> /'/-,19 & %&'0&1-,4

')*-& +& (/(-)', 1),8> ,0)*,( *&( %,(&( )' B2) ,( C&16,( /*-)1,-.'/%,(

(7& (/'/8,1)( ,( B2) &( 9-&'&( 1),/( )50)1/')*-,1/,' B2,*+& +/(0&(-&(

*, ')(', %&*<J21,67&"

K&'& =/'&( *, ()67& !"#> C&16,( (7& 2(2,8')*-) &E-/+,( %&'& J1,4

+/)*-) +) 2', C2*67& 0&-)*%/,8> B2) +)0)*+) )5%82(/=,')*-) +, 0&(/67&

+,( 0,1-I%28,(" F)((, C&1',> & 1),8/('& +) 2', (/'28,67& +)0)*+)19 +&

0&-)*%/,8 )(%&8@/+& ) +) (2, @,E/8/+,+) +) 1)01&+2?/1 & %&'0&1-,')*-&

+& (/(-)', (&E ,( %&*+/6L)( /'0&(-,( *, (/'28,67&"

M', 8/'/-,67& /*-)1)((,*-) )(-9 1)8,%/&*,+, %&' & -)'0& ) & -,4

',*@& +, %:828, +) (/'28,67&> B2,*+& '2/-&( 9-&'&( )(-7& 01)()*-)(

*, (/'28,67&> )(-,( 8/'/-,6L)( 0&+)' () -&1*,1 /'0&1-,*-)(" N,1, 2',

E&, (/'28,67& : *)%)((91/& B2) ()2 -)'0& -&-,8 ();, '2/-& ',/&1 B2)

& -)'0& +) 1)8,5,67& +, B2,*-/+,+) )' B2) () )(-9 /*-)1)((,+&" O,8)

1)((,8-,1 B2) +/C)1)*-)( B2,*-/+,+)( -P' -)'0&( +) 1)8,5,67& +/C)1)*-)(

) B2) (/(-)',( -)*+)' , <%,1 ',/( 8)*-&( B2,*+& 01Q5/'&( , -1,*(/67&

+) C,()> ) ,/*+, *7& : /*%&'2' %,(&( )' B2) 01&01/)+,+)( CI(/%,( -)4

*@,' 2' -)'0& +) 1)8,5,67& '2/-& ',/&1 B2) & -)'0& 1),8/?9=)8 +)

2', (/'28,67& RST"

N,1, B2) *7& @,;, 01&E8)',( %&' & -,',*@&> : *)%)((91/& %&'0,4

1,1 & -,',*@& +, %:828, +) (/'28,67& %&' & %&'01/')*-& +) %&11)8,67&

+, C2*67& )(0,%/,8 +) /*-)1)(()" U,( 01&5/'/+,+)( +, -1,*(/67& +) C,()

& %&'01/')*-& +) %&11)8,67& 0&+) ,2')*-,1 &2 ,-: ')('& +/=)1J/1> )

()2( 1)(28-,+&( *7& (7& %&*<9=)/( B2,*+& %&'0,1,+&( %&' & -,',*@&

+, %:828," N1&E8)',( +) -,',*@& 0&+)' ()1 C,%/8')*-) %&*-&1*,+&(

%&' 2' ':-&+& %&*@)%/+& %&'& V !"#$%!&$'"#$(& )# ('"'$*& +,
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! "#$ %&'()(*$ $+ ,-,.),/ #+, 0/&0/)$1,1$ 23()%, $ #*).)4,'1&

-5/),( %6.#.,( %&+ *,+,'7&( % 1)2$/$'*$( $ ,8#(*,'1& & /$(#.*,1& $+

($9#)1, %&+ , /$.,:;&

A(L) = A0 +
c

Ln
<=>==?

#(,'1& A0! c $ n %&+& 0,/@+$*/&( 1$ ,8#(*$>

A#*/, .)+)*,:;& 0&1$ $(*,/ ,((&%),1, ,& #(& 1$ ,.9&/)*+&( 1$ )'B

*$9/,:;& '& *$+0&! 0&)( $(*$( (;& C,($,1&( $+ +6*&1&( 1$ 1)2$/$':,(

D')*,(! "#$ %&'()(*$ $+ 1)(%/$*)4,/ & *$+0& 1$ *,. 2&/+, "#$ & )'*$/-,.&

∆t %&'()1$/,1& ($8, +#)*& +$'&/ 1& "#$ & *$+0& *&*,. 1, ()+#.,:;&>

E(($( +6*&1&( (;& ,0/&F)+,1&( $ 0&((#$+ $//&( ,((&%),1&( , $.$( GHI>

A( +6*&1&( 1$ 1)2$/$':,( D')*,( (;& 9$/,.+$'*$ C,($,1&( ', $F0,'B

(;& 1, (6/)$ J,K.&/ */#'%,1, $+ ,.9#+ *$/+&! 9$/,'1& ,(()+ #+ $//&

,((&%),1& , $(($ */#'%,+$'*&> E(*$ $//& ';& 1$0$'1$ 1, )+0.$+$'*,B

:;&! ($'1& )'*/3'($%& ,& ,.9&/)*+&! 0&1$ ($/ /$1#4)1&! $+C&/, '#'%,

$-)*,1&! 1)+)'#)'1& ∆* GHI> A#*/, 2&/+, 1$ $//& 6 %&'7$%)1, %&+& $//&(

1$ ,//$1&'1,+$'*&(! 0/&-$')$'*$ 1& 'L+$/& D')*& 1$ 139)*&( #*).)4,1&(

', ,/)*+6*)%, %&+0#*,%)&',.>
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 !""! #$%&'()*+ $%,!"!-'$,!.*" $ /0-1.0#$ /!  *"2+ %,*%*"'$ !. 3456+

/!.*-"',$-/* 7(! "($ 8*,.()$9:* %,*/(; #*-<=(,$9>!" -*  !" #$% 

#$-?-0#*@ A. "!=(0/$+ .*"',$,!.*" $" $)'!,$9>!" 8!0'$" %*, B**C!, D"

!7($9>!" /! .*C0.!-'* /!  *"2 '*,-$-/*E$ (.$ /0-1.0#$ /! %$""* /!

'!.%* <F*@

 !" #$%&'$() *+ ,-./

 *"2 %,*%?" (. .2'*/* 7(! ,!$)0;$ (.$ $.*"',$=!. /$" #*-<=(,$E

9>!" -* #$-?-0#* /! (. "0"'!.$ /0,!'$.!-'! $ %$,'0, /$" !7($9>!" /!

.*C0.!-'*@  $ "($ %,*%*"'$+ !)! /!"#,!C!( (. "0"'!.$ !"'!-/0/* /$/*

%*, (. "0"'!.$ 8&"0#* /! N %$,'&#()$" #*. #**,/!-$/$" Q1+ Q2+ . . .+
QN !. (. /$/* C*)(.! <F* V ! %*'!-#0$) /! 0-'!,$9:* φ(Q) 7(! 0-E
'!,$=! #*. (. =,$( /! )0G!,/$/! !F',$ s $/0.!-"0*-$) 7(! $'($ #*.*
(. ,!"!,C$'H,0* /! #$)*,@ I 0-'!,$9:* !-',! * "0"'!.$ ! * ,!"!,C$'HE

,0* 2 /$/* %*, (. !"#$)$.!-'* /$" C!)*#0/$/!" /$" %$,'&#()$"+ *( "!J$

vi = sQ̇i #*. vi 2 #*-"0/!,$/* $ C!)*#0/$/! ,!$) /$ %$,'&#()$@ I K$E

=,$-=!$-$ /* "0"'!.$ !"'!-/0/*+ #*.%*"'* %!)$" N %$,'&#()$" .$0" *

=,$( /! )0G!,/$/! s+ 2 !"#,0'$ #*.*+

L =
∑

i

mi

2
s2Q̇2

i − φ(Q) +
M

2
ṡ2 − (dN + 1)kBT ln s L6@3M

*-/! dN + 1 #*,,!"%*-/! $* -N.!,* /! =,$(" /! )0G!,/$/! /* "0"'!.$
!"'!-/0/*+ #*. d "!-/* $ /0.!-"0*-$)0/$/! ! N * -N.!,* /! %$,'&#()$"
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 ! "#"$%&'( kB ) ' *!+"$'+$%  % ,!-$.&'++( T ' $%&/%0'$10' +' 21'-

! "#"$%&'  %3% %+$0'0 %& %21#-450#! *!& ! 0%"%03'$60#! /'0' 0%'-#.'0 '

'&!"$0'7%& +!  !" #$% *'+8+#*!9 : /'0;&%$0! M $%& 1+# ' %  %

(energia).(tempo)2 %  %$%0&#+' ' %"*'-'  % $%&/!  ' <1$1'=>!  ' $%&?

/%0'$10'9 @ %"*!-A'  % 1&' %+%07#' /!$%+*#'-  ! $#/! (dN +1)kBT ln s
/'0' ! 0%"%03'$60#! /!""#5#-#$' 21% '" &) #'"  ! %+"%&5-% *'+8+#*! "%?

B'& 0%*1/%0' '" % ! $%0&! Mṡ2/2 /!""#5#-#$' ' *!+"$01=>!  % 1&'

%21'=>!  #+;&#*' /'0' ! 0%"%03'$60#! CDEF9

@" %21'=G%"  ! &!3#&%+$! /'0' ! "#"$%&' % 0%"%03'$60#! ">!  %0#?

3' '"  '" %21'=G%"  % H1-%0?I'70'+7%(

Q̇i = Pi/(mis
2)

Ṗi = − ∂φ

∂Q̇i

JE9KL

ṡ = Ps/M

Ṗs =
∑

i

Pi
2/(mis

3)− (dN + 1)kBT/s.

@" %21'=G%"  % &!3#&%+$!  % M!") ">! "1'3%"(  %$%0&#+4"$#*'" %  %

$%&/! 0%3%0"43%- CNF9 Pi *!00%"/!+ % '! &!&%+$!  ' /'0$4*1-' %& Qi(

%+21'+$! Ps *!00%"/!+ % '! &!&%+$!  ! 70'1  % -#5%0 ' % %O$0' s9
@" 21'+$# ' %" *!+"%03' '"  ! "#"$%&' %"$%+ # ! ">! ' P'&#-$!+#?

'+'

H =
∑

i

P2
i

2mis2
+ φ(Q) +

P 2
s

2M
+ (dN + 1)kBT ln s, JE9EL

! &!&%+$! $!$'-

P =
∑

i

Pi =
∑

i

(mis
2Q̇), JE9QL

% &!&%+$! '+71-'0 $!$'-

M =
∑

i

Qi ×Pi =
∑

i

Qi × (mis
2Q̇i). JE9RL

M!") *!+"# %0!1 21% /'0' !5$%0 '" 21'+$# ' %"  #+;&#*'"( ' 3'0#S3%-

s /! % "%0 #+$%0/0%$' ' *!&! %"*'-'&%+$! /'0' ! /'""!  % $%&/! ∆t
+'" "#&1-'=G%"9 : /'""!  % $%&/! 0%'- ∆t′ ) !5$# ! /!0 ∆t′ = ∆t/s(
/!0$'+$! ! *!&/0#&%+$!  ! /'""!  % $%&/! +'  #+;&#*'  % M!") )
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 !"#$%& '()*+$%& Z '()( N '()*,-".(/ +01#*+-(/ 2 &3*+0( '4.( +#*45

6)($%& 0( !"#$%& 04 0+/*)+3"+$%& ρ(Q1,Q2...) /&3)4 *&0& & 4/'($& 04
!(/47

8 /+/*49( 4/*4#0+0& -&9'&/*& '4.& /+/*49( !,/+-& 04 +#*4)4//4 4 & )45

/4):(*;)+& ')&0"< -&#=6")($>4/ #&  !" #$% 9+-)&-(#?#+-& -&9 dN+1
6)("/ 04 .+34)0(04@ 4 ( !"#$%& 04 0+/*)+3"+$%& ρ(P,Q, Ps, s) 2 4A')4/5
/(0( -&9& δ(H − E)@ 49 B"4 δ )4')4/4#*( ( !"#$%& 04.*( 04 C+)(-7

D&)*(#*&@ /4#0& dP = dP1dP2...dPN 4 dQ = dQ1dQ2...dQN @ (

!"#$%& '()*+$%& 0& /+/*49( 4/*4#0+0& '&04 /4) 4/-)+*( -&9&@

Z =

∫

dPs

∫

ds

∫

dP

∫

dQ δ(H− E). EF7GH

I4#0& & J(9+.*&#+(#& 0& /+/*49( 4/*4#0+0& 2 04=#+0& '&) F7F

 !"#$%& '()*+$%& 0& /+/*49( 4/*4#0+0& (0B"+)4 ( !&)9(@

Z =

∫

dPs

∫

ds

∫

dP

∫

dQδ

[

∑

i

Pi
2

2mis2
+ φ(Q)+

+
Ps

2

2M
+ (dN + 1)kBT ln s− E

]

.

EF7KH

L!4*"(5/4 0"(/ *)&-(/ 04 :()+M:4+/@ 04 9&0& B"4 P′

i = Pi/s 4
Q′

i = Q@ 04//( !&)9( & 4.494#*& 04 :&."94 dPdQ (//"94 ( !&)9(

sdNdP′dQ′
7 D&)*(#*&@

Z =

∫

dPs

∫

dQ′

∫

dP′

∫

ds sdNδ

[

∑

i

P′

i
2

2mi
+ φ(Q′)+

+
Ps

2

2M
+ (dN + 1)kBT ln s− E

]

.

EF7NH

O/(#0& ( )4.($%& 04 4B"+:(.1#-+( '()( ( !"#$%& 04.*( 04 C+)(-7

δ[f(s)] = δ[s − s0]/f
′(s0)@ -&9 s0 /4#0& & <4)& 0( !"#$%& f(s)7 I4#0&

f(s) '()( & #&//& /+/*49( 04=#+0& -&9&

f(s) =
∑

i

P′

i
2

2mi
+ φ(Q′) +

Ps
2

2M
+ (dN + 1)kBT ln s− E. EF7PH
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s0 = exp

{

−1

(dN + 1)kBT

[

∑

i

P′

i
2

2mi
+ φ(Q′) +

Ps
2

2M
− E

]}

,

f ′(s0) =
(dN + 1)kBT

s
)*+,-.

/! "0%!120 34! 0 !3405'# *+6( 70$$0 0 $!2 !$821&0 8#"#

Z =

∫

dPs

∫

dQ′

∫

dP′

∫

sdN+1

(dN + 1)kBT
×

× δ

[

s− exp

{

−1

(dN + 1)kBT

(

∑

i

P′

i
2

2mi
+ φ(Q′) +

Ps
2

2M
− E

)}]

ds.

)*+,,.

9&1:1;0%<# 0 72#721!<0<! <0 <!:&0

∫

δ[s − s0]f(s)ds = f(s0)( 8#"
f(s) = sdN+1

! f(s0) = s0
dN+1

( &!2!"#$

Z =

∫

dPs

∫

dQ′

∫

dP′
1

(dN + 1)kBT
×

×
[

exp

{

−1

(dN + 1)kBT
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∑

i

P′

i
2

2mi
+ φ(Q′) +
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2

2M
− E

)}]dN+1

.

)*+,=.

>#%$1<!20%<# H0(P
′,Q′) =

∑
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′

i
2/2mi+φ(Q′)( 0 ?4%5'# 702&15'#
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Z =
1

(dN + 1)kBT
exp

{

E

kBT

}

×

×
∫
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{ −Ps
2

2MkBT

}

dPs

∫

dQ′

∫

dP′ exp

{−H0(P
′,Q′)

kBT

}

.
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∫

dQ′
∫

dP′exp[−H0(P
′,Q′)/kBT ] 0 ?4%5'# 702&15'#
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Z =
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(

2πM

kBT
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E
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}

Zc )*+,E.

=F



 !"! #$%&'$() #* %+,-./++0*1

 !""# $%&'#( )!'%" *+! # $+,-.% /#&01-.% 2% "1"0!'# !"0!,212% 3

/&%/%&41%,#5 # $+,-.% /#&01-.% 2% "1"0!'# ,%  !" #$% 4#,6,14%7 8'#

)!9 *+! #" '321#" 2% "1"0!'# 2!/!,2!' 2# $+,-.% /#&01-.%( %:"!&)#'%"

*+! /!5#" '321#" #'%"0&#2#" 2% "1"0!'# !"0!,212% ,% '14&%4#,6,14% 3

/%"";)!5 &!#519#& +'# #'%"0&#<!' 2% "1"0!'# ,% 4#,6,14%7

 !" #$%&'$() *+ ,-./01--2+3

= +"% 2% "1"0!'# !"0!,212% 4%' +' 0!'/% 2! !"4#5# )#&1>)!5 ,.% 3

1,0+101)% ! # #'%"0&#<!' 2! +'# 0&#?!0@&1# 4+?% /#""% 2! 0!'/% 3

2!"1<+#5 3 +' 0#,0% 1'/&#014>)!5 /#&# 1,)!"01<#& #" /&%/&1!2#2!" 21,AB

'14#" 2! +' "1"0!'# CDE7 F%'% '%"0&#2% /%& G%"3 CHIE ! J%%)!& CHKE(

% #4%/5#'!,0% 2! !*+#-L!" 2! /&1'!1&# %&2!' 0%'# +'# $%&'# '#1"

"1'/5!" "! % 0!'/% 2! !"4#5# 3 &!2+912% /%& s( #""1' dt = dt′

s 7 = <&+/%

2! !*+#-L!" MI7NO /%2!' "!& !P/&!""#" 4%'% 2!&1)#2#" 2% ,%)% 0!'/%(

1,0&%2+91,2% #""1' +'# )!&".% 51)&! 2% !"4#5#'!,0% 2% 0!'/%7

Q̇i = Pi/ms

Ṗi = −s
∂φ

∂Qi
= sF(Qi) MI7HQO

ṡ = sPs/M

Ṗs =
∑

i

P2
i /(ms2)− (dN + 1)kBT.

8' #,% #/@" # /+:514#-.% 2! G%"3( J%%)!& CHKE /&%/6" +'# #2#/B

0#-.% #" !*+#-L!" 2! '%)1'!,0% 2! G%"3 /#&# %  !" #$% 4#,6,14%7

R )#&1>)!5 s /%2! "!& !51'1,#2# 2#" !*+#-L!" MI7HQO &!!"4&!)!,2% #"
!*+#-L!" 2! !)%5+-.% 2#" 4%%&2!,#2#" "!<+,2% # "!<+1,0! 0&%4# 2! )#B

&1>)!1"S

qi = Qi,

pi = miq̇i = Pi/s, MI7HTO

ξ =
d ln s

dt
=

Ps

M
.

R 21"0&1:+1-.% 2%" !"/#-%" 2! $#"! &!"+50#,0!" 2#" !*+#-L!" MI7HTO 3

4#,6,14#( ! 2! +'# '#,!1&# *+! !)10# % !"4#5#'!,0% 2% 0!'/%7 U!2!B

V,1'%" p = mq̇i ! "+:"010+;'%" (dN + 1) /%& dN ! %:0!'%"(

NW



 !"#$%&' () *+$',' ,- .'/+01''2-3

q̇i = pi/mi

ṗi = F(qi)− ξpi

ξ̇ =

∑

i p
2
i /mi − (dN)kBT

M
.  !"#$%

&'((' )*+* , -,)./0*1.,1, 23*2*(0, 2*3 -**4'3 ,+56.3' , 7*3),

H =
∑

i

p2
i

2mi
+ φ(q) + (dN)kBT

∫ t

0

ξ(t′)dt′ +
Mξ2

2
.  !"#8%

9:('34,;(' 56' 0,10* 2,3, ,( '56,<='(  !">% +' ?*(@A 56,10* 2,3, ,(

'56,<='(  !"#$% +' -**4'3A @ 1'B'((C3.* , 60./.D,<E* +' ,/F6) )@0*+* +'

.10'F3,<E* 16)@3.B, 2,3, (' *:0'3 , 2*(.<E* +,( 2,30GB6/,( ') 3'/,<E*

,* 0')2* +, (.)6/,<E*"

>8



 !"#$%&' (

  !"#$%&'( )%(*+,#"' ,%

&#,-*#"% &. /'!01)''2.(

 !"#! $%&'#()*+ !"#(,%-!.*" * *"$/)%,*- 0%-.12/$* "(3.!#/,* %" ,/4

25./$%" ,!  *"6 !  *"647**8!-+ %2%)/"%-!.*" %" #-%9!#:-/%" -!;()%-!"

&!-/:,/$%" ! <(%"! &!-/:,/$%" &%-% ,/=!-!2#!" $*2,/>?!" /2/$/%/"@ A.

"!;(/,%+ %2%)/"%-!.*" * !--* 2(.6-/$* ! % $*2"!-8%>B* ,% !2!-;/% &%-%

$%,% (.% ,%" ,/25./$%"@ C*- D)#/.*+ %$-!"$!2#%-!.*" .%/" (. ;-%(

,! )/3!-,%,! %* -!"!-8%#:-/*+ % E. ,! #!"#%- % &-*&*"#% ,! F%-#G2%+

H)!/2 ! I($J!.%2 KFHIL $*20!$/,% $*.* $%,!/%" ,! #!-.*"#%#*" ,!

 *"647**8!-+ *3#!2,* % ,/"#-/3(/>B* ,! .*.!2#*" 2!"#! $%"*@

 !" #$%&'()*+ ,($ -&,./&%($ )0 1*$2 0 1*$23

4**50+

M .6#*,* ,!  *"647**8!-NOP+ OQR =*/ *-/;/2%).!2#! $*2$!3/,* &%-% "/4

.()%- &-*&-/!,%,!" #!-.*,/25./$%" ,! "/"#!.%" ='"/$*" ,! .(/#%" &%-4

#'$()%" 2*  !" #$% $%212/$*+ ,/-!#%.!2#! % &%-#/- ,! "(% ,/25./$%@

S! =*-.% % !2#!2,!- .%/" &-*=(2,%.!2#! %" /.&)/$%>?!" ,/25./$%" ,*

.6#*,*+ 6 !""!2$/%) !"#(,%- "(% %&)/$%>B* %* "/"#!.% &-*#:#/&* .%/"

"/.&)!" &*""'8!)T * *"$/)%,*- 0%-.12/$* !. (.% ,/.!2"B* NUVR@

M 0%./)#*2/%2* ,* *"$/)%,*- 0%-.12/$* (2/,/.!2"/*2%) 2% ,/25./$%

UW
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 ! "#$%& '#( m = k = 1& kBT = 1 ! (dN + 1) = dN & %  !)*+ # '#(#&

HN =
P 2

2s2
+

Q2

2
+ α

P 2
s

2
+ ln s. ,-./0

1#234*3#& 324345$!  ! 6( $+$3!(4  ! 76432# 842+98!+$ 3!(:#24+$ +* !5

:!* !*3!$; 4 '##2 !*4 4 Q& # (#(!*3# P & '##2 !*4 4 s ! # (#(!*3#

Ps. <=$!2845$! 76! α = 1/M . >4 4 6(4  !$$4$ 76432# 842+98!+$ #=!5

 !'! 4 6(4 !764?@#  +A!2!*'+4B ,:2+(!+24 #2 !(0  ! (#8+(!*3#& $@#

!B4$;

Q̇ = P/s2,

Ṗ = −Q,

ṡ = αPs ,-.C0

Ṗs =
1

s

[

P 2

s2
− 1

]

.

D!!$'4B4* # # 3!(:# :!B4 842+98!B s&  ! (# # 76! dtnovo = dtantigo/s&
4$ !764?E!$  ! (#8+(!*3#  ! "#$% :424 # $+$3!(4 !( 76!$3@# 4 76+2!(

4 A#2(4&

Q̇ = P/s,

Ṗ = −sQ,

ṡ = sαPs ,-.F0

Ṗs =

[

P 2

s2
− 1

]

.

G4H!* # 4 $!I6+*3! (6 4*?4  ! 842+98!B; q = Q& p = q̇ = P/s !

ξ = d ln s/dt = αPs& #=3!(#$ # J4(+B3#*+4*#  ! "#$%5K##8!2&

H =
p2

2
+

q2

2
+

∫ t

0

ξ(t′)dt′ +
ξ2

2α
, ,-.-0

#* ! 3!(#$ 32L$ 842+98!+$ 3!(:#24+$ +* !:!* !*3!$; 4 '##2 !*4 4

q& # (#(!*3# p ! # '#!)'+!*3!  ! A2+'?@# ξ 76! #=! !'!( 4$ $!I6+*3!$

!764?E!$  ! (#8+(!*3#;

q̇ = p

FM



 !"! #$%&'& '( )*%(+,-./& *0#$,)1-

ṗ = −q − ξp,  !"#$

ξ̇ = α(p2 − 1)

%&'()*( +,( '( ξ < 0 - -'./012-) .-34-)516'( .-3- ,3 -'./012-)

7-)812-9 '( ξ > 0 - -'./012-) .-34-)516'( .-3- ,3 -'./012-) 13-)5(6

./2-"

:1 4);</31 '(8=-9 14)('(>51)(3-' - 3?5-2- 2( />5(@)18=- >,3?6

)/.1 41)1 ('5,21) 10@,31' 5)1A(5;)/1' )(@,01)(' 2- -'./012-) B1)3C>/.-

>1' 2/>D3/.1' 2( :-'? ( :-'?6E--*()9 1''/3 .-3- -' .)/5?)/-' 41)1

('51&(0(.() ,3 41''- ∆t 12(+,12- 41)1 1 2/>D3/.1"

 !" #$%&'& '( )*%(+,-./& 012$,34-

F1)1 ('5,21) - 3-*/3(>5- 2- -'./012-) B1)3C>/.- >1' 2/>D3/.1' 2(

:-'? ( :-'?6E--*()9 ,'1)(3-' - ('+,(31  !"#$%&'&!( !)"!* .-3- 3?6

5-2- 2( />5(@)18=- >,3?)/.1" F-)51>5-9 5(3-' 1' '(@,/>5(' (+,18G(' 2(

3-*/3(>5-H

q(t+∆t) = q(t) + q̇(t)∆t+ [−q(t)− ξ(t)q̇(t)]
∆t2

2

q̇

(

t+
∆t

2

)

= q̇(t) + [−q(t)− ξ(t)q̇(t)]
∆t

2

s

(

t+
∆t

2

)

= s(t) + s(t)ξ(t)
∆t

2

ξ

(

t+
∆t

2

)

= ξ(t) + α[q̇2(t)− 1]
∆t

2
 !"I$

s(t+∆t) = s

(

t+
∆t

2

)

+ s

(

t+
∆t

2

)

ξ

(

t+
∆t

2

)

∆t

2

ξ(t+∆t) = ξ

(

t+
∆t

2

)

+ α

[

q̇2
(

t+
∆t

2

)

− 1

]

∆t

2

q̇(t+∆t) =
q̇
(

t+ ∆t
2

)

− q(t+∆t)∆t
2

1 + ξ(t+∆t)∆t
2

%&'()*( +,( .->'/2()1>2- q = Q9 p = q̇ = P/s ( ξ = d ln s/dt =
αPs9 4(0- 10@-)/53- 1./31 .->'(@,/3-' (*-0,/) 5-21' 1' *1)/J*(/' 2(

KL
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 !" #  # $%&'!%( #) * + ,'!-.,/ ξ 0 / ,-#+/&#12-3 +/, !-$% ,  # .,/4

( # $- -&-,5% -&.,- / ,-#-,2 .6,%/ - / #%#.-! ) 7/,. &./8 $ # -9: ;<-#

 (%! /"#-,2 4#- 9:- / /#(%3 $/, = ,!>&%(/ & # $%&'!%( # $- ?/#0 -

?/#04@//2-, $-+-&$- $- :! + ,'!-.,/ #%!+3-#8 / + ,'!-.,/ $-  (/4

+3 !-&./ α) A.-, &$/ &:!-,%( !-&.-  # -9: ;<-# BC)DE $-.-,!%& 4#-

./$  -2/3:;F/ .-!+/, 3 $/ #%#.-! -!  !" #  # $%&'!%( #)

*  35/,%.!/ $- G-3/(%$ $-4G-,3-. .-! -,,/# $- .,:&( !-&./ + , 

+/#%;F/ - 2-3/(%$ $- $ /,$-! $- (∆t)2 - (∆t)48 ,-#+-(.%2 !-&.-) 7/,4

. &./8 0 &-(-##1,%/ -#(/3=-, $- ! &-%,  $-9: $ / + ##/ ∆t $- H/,! 

 5 , &.%, 9:-  -&-,5% ./. 3 +-,! &-; (/&#. &.-  / 3/&5/ $- ./$ #%4

!:3 ;F/ $ $%&'!%( ) ?/ ., " 3=/ $- 7/#(=  ! "#8 /#  :./,-# :.%3%I , !

/ !0./$/ +,-$%(./,4(/,,-(./, $- @ !!%&5 $- /,$-! C (/! :! + ##/ $-

.-!+/ ∆t = 10−3
JKLM) N!"/# /#  35/,%.!/# /".O! +/#%;<-# - 2-3/(%4

$ $-#  + ,.%, $ -P+ &#F/ $- Q R3/, -&.,-. &./8 / $% &'(!)%*+)%% (!)%

-P+ &$-  #0,%- $- Q R3/,  .0  /,$-! $- (∆t)5 JSM)

G%!/# +-3 # #%!:3 ;<-# ,- 3%I $ # 9:- :! + ##/ ∆t = 10−3
%!+3%( 

&:! $%H-,-&; $- ! %# $- LTU -&.,- / 2 3/, $ @ !%3./&% & %&%(% 3

-  /".%$  +6# 2P104 + ##/# $- .-!+/8 + , :! $/# ( #/#  & 3%# $/#

& $%&'!%( $- ?/#04@//2-,) V1 + , ∆t = 10−4
8 2%!/# :! $%H-,-&; 

+/:(/ ! %/, 9:- LU + , / ( #/ ! %# (,W.%(/ -&.,- /# -#.:$ $/#8  +6#

2P105 + ##/# $- .-!+/) ?/ X3.%!/ ( #/ + , ∆t = 10−5
8 2%!/# :! 

$%#(,-+'&(% !W&%! -&.,-  @ !%3./&% & %&%(% 3 (/!+ , $  Y& 3

 +6# 2P106 + ##/# $- .-!+/8 -! ./,&/ $- T8LU) 7/,. &./8 + ,  #

., Z-.6,% # ,-5:3 ,-# 9: #- +-,%6$%( # B./,6%$-E :# !/# ∆t = 10−4
-

2P106 + ##/# $- .-!+/8 Z1 + ,  # ., Z-.6,% # ,-5:3 ,-# - +-,%6$%( #

:# !/# ∆t = 10−5
- 2P106 + ##/# $- .-!+/)

 !" #$%&'() *+,

N %&.-5, ;F/ &:!0,%( $ # -9: ;<-# $- !/2%!-&./ $/ /#(%3 $/, = ,!>4

&%(/ & $%&'!%( $- ?/#04@//2-, $-.-,!%&  ( $ %&.-,2 3/ $- .-!+/

∆t8  +/#%;F/ q(t) - !/!-&./ p(t) $/ /#(%3 $/, - :! 5, : $- 3%"-,$ $-

ξ(t) $/ ,-#-,2 .6,%/) [/5/8  ., Z-.6,% &/ -#+ ;/ $- H #- 0 .,%$%!-&4

#%/& 3) N  .,%":%;F/ $- :! $-.-,!%& $/ 2 3/, + , q8 p - ξ $-Y&- :!

+/&./ P (q, p, ξ) &/ -#+ ;/ $- H #-8 (/,,-#+/&$-&.-  :! !%(,/-#. $/

$/ #%#.-! ) N !:$ &; $/# 2 3/,-# $- x8 p - ξ $:, &.-  -2/3:;F/ $/

#%#.-! ,-#:3. -! /:.,/# +/&./# P (x′, p′, ξ′) &/ -#+ ;/ $- H #-  / 3/&5/

$- :! ., Z-.6,% $-.-,!%& $ +-3 $%&'!%( $-##- #%#.-! )

\K



 !"! #$%&'() *+,

 !"!#$%& $!#$'("() *)!+",&()- .&-%/'"+) $ -$!$-0&#1-")2 $% &%3&!

&! ("'4%"+&!5 $'+)'#-&6!$ ')  !" #$% %"+-)+&'/'"+) $ )! .&%",#)'"6

&')! ($ 7)!8 H(Q,P, s, Ps) $ 7)!869))0$- H(q, p, ξ)5 ':) ($;$'($%
$<;,"+"#&%$'#$ () #$%;) !$'()5 ($!!& =)-%&5 +)'!#&'#$ $ '>%$-"+&6

%$'#$ "?>&, & $'$-?"& #)#&, E () !"!#$%& $!#$'("()@ A!!& "?>&,(&($ 8

) B>$ ($C'$ >%& !>;$-=D+"$ ($ $'$-?"& ') $!;&E) ($ =&!$@

 )!+",&()- .&-%/'"+) +,F!!"+) ') %"+-)+&'/'"+) ?$-& >%& $,";!$

+)%) #-&G$#1-"& ') $!;&E) ($ =&!$@ H>&'() !>3%$#"() & ("'4%"+& ($

7)!8 )> 7)!869))0$-5 & &("E:) () ?-&> ($ ,"3$-(&($ $<#-& %)("C+&

) $!;&E) ($ =&!$ () )!+",&()- .&-%/'"+) ($ (>&! ;&-& #-I! ("%$'!J$!@

K$!!$ %)() & $,";!$ 8 #-&'!=)-%&(& $% >% #)-1"($ LMN *L),%)?)-)06

M-'),(6N)!$-2 +)% #-&G$#1-"& -$?>,&- $ B>&!$ ;$-"1("+& *O"?@ P@Q2 ;&-&

;$B>$')! 0&,)-$! (& ;$-#>-3&E:) α@  ;&-4%$#-) ($ ;$-#>-3&E:) α
+)'#-),& ) R><) ($ $'$-?"& #-)+&() $'#-$ ) )!+",&()- $ ) -$!$-0&#1-")5

&#-"3>"'() >% 0&,)- %>"#) &,#) ;&-& α #-&G$#1-"&! +&1#"+&! ;)($% !$-

;-)(>S"(&! TUVW@

O"?>-& P@QX Y-&G$#1-"& () $!;&E) ($ =&!$ ?$-&(& ;$,& ("'4%"+& ($ *&2

7)!8 ;&-& α = 1 $ Q0 = 05 P0 = 25 s0 = 1 $ Ps0 = 0 $ *32 7)!869))0$-
;&-& α = 1 $ q0 = 05 p0 = 2 $ ξ0 = 1@

7& O"?@ P@U )3!$-0&%)! &! ;-)G$EJ$! 3"("%$'!")'&"! () $!;&E) ($

=&!$ (& O"?@ P@Q@ Z$,&! ;-)G$EJ$! 3"("%$'!")'&"!5 C+& 'D#"() B>$ $%

?$-&, &! #-&G$#1-"&! ()! $!;&E)! ($ =&!$ ;-)(>S"(&! ;$,&! ("'4%"+&! ($

7)!8 $ 7)!869))0$- !:) -$?>,&-$! $ B>&!$ ;$-"1("+&!@ M! #-&G$#1-"&!

;)($% !$- "'#$-;-$#&(&! +)%) )!+",&EJ$! $% #)-') ($ >%& #-&G$#1-"&

-$?>,&-5 ($ %)() !"%",&- & )!+",&()- !>G$"#) & >%& =)-E& $<#$-'&5 )-&

&%)-#$+"() )-& =)-E&()@

[[
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 !"#$% &'() *$+,-./-0 1!2!3-40!+4%!0 2%0 5$%,-56$!%0 2+0 -07%.+ 2- 8%0-

"-$%2% 7-9% 2!4:3!;% 2- <%= >+0?@ 7%$% α = 1 - Q0 = 0@ P0 = 2@ s0 = 1
- Ps0 - <1= >+0?AB++C-$@ 7%$% α = 1 - q0 = 0@ p0 = 2 - ξ0 = 0'

*%$% 2-5-$3!4%2+0 ;+4,#45+0 2- ;+4D"#$%./-0 !4!;!%!0@ 8+$%3 +1A

0-$C%2%0 5$%,-56$!%0 $-"#9%$-0 - 7-$!62!;%0 4+ -07%.+ 2- 8%0-' >% 0-.E+

0-"#!45- 0E+ %7$-0-45%2+0 0-!0 ;%0+0 2!05!45+0'

 ! "#$%&'(#)$* +&,-.$#&* & /&#)(0)1$*

F +0;!9%2+$ G%$3H4!;+ 8+! 0#13-5!2+ % %31%0 %0 2!4:3!;%0 2- >+0? -

>+0?AB++C-$' I%$!%42+ %0 ;+42!./-0 !4!;!%!0 2+ 0!05-3%@ -3 0-!0 ;%0+0

2!05!45+0@ 8+! 7+00JC-9 +10-$C%$ +0 -07%.+0 2- 8%0- 7$+2#K!2+0 - ;%$%;5-A

$!K%$ % 2!4:3!;% 2+ +0;!9%2+$' L3 5+2+0 +0 ;%0+0@ + +0;!9%2+$ 7%$5- 2%0

0-"#!45-0 ;+42!./-0 !4!;!%!0 DM%0 7%$% 5+2+0 +0 ;%0+0) Q0 = 0 - s0 = 1
2- 3+2+ % -C!5%$ % 0!4"#9%$!2%2- 2+ 7+5-4;!%9 4% 2!4:3!;% 2- >+0? -

5%31?3@ q0 = 0 - ξ0 = 0 4% 2!4:3!;% 2- >+0?AB++C-$' N-00% 8+$3%
5+2% % -4-$"!% !4!;!%9 2+ 0!05-3% ? -3 8+$3% 2- -4-$"!% ;!4?5!;%' F#

0-,%@ %7-4%0 +0 C%9+$-0 2+ 3+3-45+ !4!;!%9 p0 <+# P0= - 2+ 7%$:3-A

5$+ α 2!8-$-3 -45$- +0 ;%0+0 %4%9!0%2+0' O-31$%42+ P#- + 7%$:3-5$+

α ;+$$-07+42- % 1/M @ P#- !42!;% % -0;%9% 2- 5-37+ 2%0 Q#5#%./-0 2-

-4-$"!%' N-00% 8+$3%@ +10-$C%3+0 P#- +0 2!8-$-45-0 C%9+$-0 2- 3+3-45+

R&



 ! ! "#$%&"'#($) #&*+,$#&) & -&#('.(/$)

 ! " #$ % &% α '() )' *%'+)!',-% ' +%$#' & .%*%!/%' /*#0%/1* #' !) %'+#2)

&% .#'%3

4 56*# 7389 :*)0%2;%' < & =%!' )!# ' &#' /*#0%/1* #' &)' %'+#2) &% .#'%

+*)&6> &) +#*# #' ")!& 2;%'  ! " # ' p0 = P0 = 1, 55 % α = 1 !#'

& !?= "#' &% @#A B)'C % @<AB)'CDE))-%* *%'+%"/ -#=%!/%3

B) +* =% *) "#') #!#$ '#&) .)*#= #/* <6F&)' )' -#$)*%' &% P0 = p0 =
1, 55 % &% α = 13 B#' &6#' & !?= "#'G  ! " #$=%!/% ) ' '/%=# +)''6 

#+%!#' %!%*5 # " !C/ "#G +) '  ! " # %= '%6 -#$)* &% +)/%!" #$ !6$)G &%

=)&) H6% # -%$)" &#&%G % ")!'%H6%!/%=%!/% ) =)=%!/)G +)''6 -#$)*

=,I =)G %= /)*!) &% 1, 553 J) &%")**%* &# /*#0%/1* # # %!%*5 # " !C/ "#

C "%& &#G &% =)&) H6% /*#!'")** &)' #+*)I =#&#=%!/% 1, 4I105 +#'')'

) ' '/%=# +#''# # /%* =)=%!/) !6$) % =,I =) &% +)/%!" #$G )6 '%0#G

6= -#$)* &% q =,I =) &% #+*)I =#&#=%!/% 1, 213 K .%*%!/%=%!/% &%

6= )'" $#&)* L#*=M! ") ' =+$%' @ ')$#&)AG !%= /)&# %!%*5 # " !C/ "#

/*#!'.)*=)6D'% %= %!%*5 # +)/%!" #$G ) H6% =)'/*# H6% # %!%*5 # &)

)'" $#&)* +)&% -#* #* *%"%<%!&) )6 "%&%!&) %!%*5 # +#*# ) *%'%*-#/1* )3

B) %!/#!/)G ) <# I) -#$)* &% α ")=< !#&) # <# I# %!%*5 # " !C/ "#
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 !"#$! "# %#&'()%!%() *!&$+*#$), ! -' "# '#./(&!& ! #&0("$ $"!"# "( )$)1

%#'!2 3) #45!67#) "# '(*$'#8%( "( '9%("( "!  !"#$! "# :()91;((*#&

<("#' )#& #=<&#))!)  ('(,

q̇i = pi/mi,

ṗi = F(qi)−
ξpi
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∑
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ζ̇j =
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]

− ζj
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,

ζ̇η =
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]
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B <!&C'#%&( ζ )#8"( (  (8%&(.# "# %#'<#&!%5&!  (8-05&! $(8!.

>&5D"(A2 3 *!&$+*#. η E(&8# # ( 8F'#&( "# %#&'()%!%() !"$ $(8!"()

!  !"#$!2 G5!8"( η = 1, ( )$)%#'! #)%#8"$"( <())5$ !<#8!) 5' %#&1

'()%!%( # ! 8(*! "$8C'$ ! #45$*!.# ! "$8C'$ ! "# :()91;((*#& HIJK,

45!8"( η = 2, ( )$)%#'! #)%#8"$"( &# #L# '!$) 5' %#&'()%!%(, #  (81

)#45#8%#'#8%# 5' 0&!5 "# .$L#&"!"# ! '!$)2

M!&! 5' () $.!"(& /!&'N8$ (,  (' m = k = 1, kBT = 1 # η = 2,
 (8)$"#&!8"( !$8"! α1 = 1/M1 # α2 = 1/M2, !) #45!67#) "# '(*$'#8%(

<!&! #))# )$)%#'! )O(P

q̇ = p;

ṗ = −q − α1ξp; >?2QA

ξ̇ = p2 − 1− α2ζξ;

ζ̇ = α1ξ
2 − 1.

BL)#&*!1)# 45# 45!8"( η = 2 ( )$)%#'! <!))! ! %#& "($) %#&'()%!%()

# ( )$)%#'! 0!8/! 5'! #45!6O( "# '(*$'#8%( ! '!$) #' &#.!6O( !

"$8C'$ ! "# :()91;((*#&2 R))# S8(*(S%#&'()%!%( 8O( <())5$ $8T5U81

 $! "$&#%! 8! "$8C'$ ! "! <!&%D 5.!, )5! $8T5U8 $! 9 8! #45!6O( "#

'(*$'#8%( &#.! $(8!"! ! ξ >&#)#&*!%V&$(A2
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 ! "#$# % $!"#&'()%) *+! % %$,-.# $!''! &#/# (!)"#'(%(# %0(!)% %'

$,'(),1+,-2!' $! "#"!&(#3 (!&$!&$#4%' 5%)% +"% $,'(),1+,-.# 6%&7&,6%3

5),"!,)# #1'!)/%"#' # !'5%-# $! 8%'! ! % $,'(),1+,-.# $! "#"!&(#'

$# #'6,0%$#) 9%)"7&,6# &% $,&:",6% $! ;#'<4=##/!) 6#" %' '!>+,&(!'

6#&$,-2!' ,&,6,%,'? q0 = 03 p0 = 23 ξ0 = 0 ! η = 13 5%)% α ,>+%0 % 13 10
! 100 )!'5!6(,/%"!&(! @A,>B CBDEFB

A,>+)% CBDE? G'5%-#' $! 8%'! @!" 6,"%F ! $,'(),1+,-2!' $! "#"!&(# @!"

1%,H#F 5%)% # #'6,0%$#) &% $,&:",6% $! ;#'<4=##/!) 5%)% %' 6#&$,-2!'

,&,6,%,' q0 = 03 p0 = 23 ξ0 = 03 η = 13 5%)% α ,>+%0 % 13 10 ! 100B

I1'!)/%4'! *+! %' $,'(),1+,-2!' $# "#"!&(# $# #'6,0%$#) &.# '.#

',",0%)!' % $,'(),1+,-.# >%+'',%&% 6%)%6(!)J'(,6% $#  !" #$% 6%&7&,6#3

!" &!&9+" $#' 6%'#' %5)!'!&(%$#'B K# %$,6,#&%) "%,' +" (!)"#'(%(#3

5#$!"#' #1'!)/%) *+! +"% "%,#) /%),!$%$! $! 5#&(#' $# !'5%-# $! 8%'!

8#)%" /,',(%$#'3 ! % $,'(),1+,-.# $! 5)#1%1,0,$%$!' $# "#"!&(# 5%)% %

&#/% $,&:",6% (!&$! % +"% $,'(),1+,-.# $! "#"!&(#' "+,(# ',",0%) L

$# 6%&7&,6# @A,>B CBDMFB

 !''% 8#)"% 5%)% !'(+$#' "%,' ),>#)#'#' $! ','(!"%' !&/#0/!&$#

5#+6%' 5%)(J6+0%'3 %$,6,#&%) $#,' #+ "%,' (!)"#'(%(#' % $,&:",6%3 5)#4
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314 8%!;/6 -%$% / /,5!<%0/$ :% 0!:=4!5% 01 >?@ -%$% %, 5/:0!.91,
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 !"#! $%&'#()*+ ,%-*" !"#(.%/ (#0)01%2.* *" &/02$'&0*" .% .023-0$% -*4

)!$()%/ (- 56" .! 7/5820* 9(! 02#!/%5! ,0% &*#!2$0%) .! :!22%/.4;*2!"

*<"!/,%2.* #/%2"0=>!" .! ?%"! ! "(<-!#!2.*4* % .0?!/!2#!" .0"#/0<(0=>!"

.! ,!)*$0.%.!" 020$0%0" &%/% *<"!/,%/ * $*-&*/#%-!2#* .* #!/-*"#%#*

.!  *"@4A**,!/B

 !" #$%&'() *' +,$&)% -).&/0,1)%2 345*$6

78'% 95$0$)$%

7 "!5(2.% !#%&% .!"#! #/%<%)C* $*2"0"#! !- "(<-!#!/ (- "0"#!-% .!

-(0#%" &%/#'$()%" D .023-0$% .!  *"@4A**,!/+ ?%1!2.* (-% %-*"#/%4

5!- .! "(% !2!/50% &*#!2$0%) -@.0% !- ?(2=E* .% #!-&!/%#(/% &%/%

*<"!/,%/ #/%2"0=>!" .! ?%"! "F)0.*4)'9(0.* ! )'9(0.*4,%&*/ .! (- &*2#*

.! ,0"#% -0$/*"$F&0$* ! -%$/*"$F&0$*B 7 02#!/%=E* !2#/! &%/#'$()%" @

-*.!)%.% &!)* &*#!2$0%) .! :!22%/.4;*2!" G:;H $(I% &%/%-!#/01%=E*

2*" &!/-0#! "0-()%/ * $*-&*/#%-!2#* .! (- 56" .! 7/5820* ! -*.!)%

% 02#!/%=E* %#/%#0,%4/!&()"0,% !2#/! (- &%/ .! 6#*-*"B 7 02#!/%=E*

%#/%#0,% !2#/! *" 6#*-*" &/!,%)!$! !- 5/%2.!" .0"#32$0%"+ !29(%2#* %
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 !"#!$%& '(&)*$+(%&  ,!-%.!+! % ($)!,%/01 '! $%)#,!2% ,! #.&(-%3 4563

7%(1,!& '!)%.8!& &19,! 1  1)!$+(%. '! :!$$%,';<1$!& &01 !$+1$),%'1&

$% &!/01 =3>3

? @,AB$(1 C !D E1( '!&+19!,)1  1, F(, G(..(%H I%H&%J ! :1,' I%J;

.!(A8 !H KLM>N $% O&+P+(%3 O.! E1( (&1.%'1  1, %$Q.(&! '1 ,!&R'#1 19;

)('1  1, ,!H1/01 '! %21)1N 1S(AT$(1N '(PS('1 '! +%,91$1N QA#% ! '! %,

.(H 13 F!# $1H! -!H '%  %.%-,% A,!A% U@,A1&U"#! &(A$(V+% U($%)(-1U3

? %,AB$(1 W #H !.!H!$)1 9%&)%$)! #)(.(2%'1  1(& &!,-! +1H1 %)H1&E!,%

 ,1)!)1,%  %,% 1 +,!&+(H!$)1 '! +,(&)%(& '! &(.R+(1 ! A!,H*$(1N .%&!,&N

.*H %'%& !.W),(+%& ! X#1,!&+!$)!&N )#91& '! E1)1A,%V%&N )#91& '! ($;

+%$'!&+T$+(%N &1.'%A!HN +1,)! ! +1H1 #H AQ& '!  ,1)!/01  %,% 1#),%&

&#9&)*$+(%& 4=L63

?  ,(H!(,1  %&&1 '% &(H#.%/01 W E1,$!+!, 1&  %,*H!),1& "#! !& !+(;

V+%H 1 &(&)!H% ! &#% !-1.#/01 '($*H(+%N )%(& +1H1 %&  1&(/Y!& ! -!.1;

+('%'!& ($(+(%(& '! )1'1& 1& Q)1H1&N %  %,%H!),(2%/01 '! :<N  %&&1 '!

)!H 1 ∆t ! )!H 1 )1)%. '! &(H#.%/013 @&  1&(/Y!& ($(+(%(& '1 &(&)!H%

&01 %),(9#R'%& '! %+1,'1 +1H % !&),#)#,% +,(&)%.($% '1 !.!H!$)1 "#!

+1H Y! 1 AQ&3 Z%,% #H &P.('1 '! @,AB$(1N %&  %,)R+#.%& &!,01 '(&),(;

9#R'%& '! %+1,'1 +1H #H% !&),#)#,% +[9(+% '! E%+! +!$),%'% C\(A3 ]3KD3

@ !&),#)#,% +[9(+% '! E%+! +!$),%'% C^\^D +1$)WH #H Q)1H1 !H

+%'% -W,)(+! '1 +#91 ! #H Q)1H1 $1 +!$),1 '! +%'% #H% '%& E%+!& '1

+#913 @&&(HN +%'% +W.#.% #$()Q,(% +1$)WH "#%),1 Q)1H1& C#H Q)1H1

'1 -W,)(+! ! ),T& '%& E%+!&D3 ^%'% Q)1H1 '1 -W,)(+! '! #H% +W.#.% W

+1H %,)(.8%'1 +1H %& 1#),%& &!)! +W.#.%& -(2($8%& C\(A3 ]3KDN % !$%&

1/8 '! +%'% Q)1H1 '1 -W,)(+!  !,)!$+! % +W.#.% #$()Q,(%N '!&&% E1,H%

1& -W,)(+!& +1$),(9#!H +1H % !$%& #H Q)1H13 ?& Q)1H1& '%& E%+!&N

 1, &#% -!2N &01 +1H %,)(.8%'1&N +%'% "#%.N +1H % +W.#.% -(2($8% _ &#%

E%+!N '! H%$!(,% "#! % !$%& H!)%'! '1 Q)1H1  ,!&!$)! !H +%'% E%+!

 !,)!$+! % +W.#.% #$()Q,(%3

]`
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 !"#$% &'() *+,$+-+./%012 3% +-/$#/#$% 4$!-/%5!.% 467!4% 3+ 8%4+ 4+.9

/$%3%'  !"#$% $+/!$%3% 3+ :;<=

>2 -!-/+?% +-/#3%32@ 82$%? 3!-/$!7#A32- 4000 B/2?2- +? #?% -#9

,+$4C5#5% 3+ %$+-/% DE% +? 10a@ /%5 F#+ a = 5, 256 G :;H= C 2 ,%$I9

?+/$2 3+ $+3+ 3% +-/$#/#$% J J + 42$$+-,2.3+ % #?% 3+.-!3%3+ 3+

1596kgm−3
2# 0, 95 +? #.!3%3+- $+3#K!3%- LM,N.3!4+ MO' P2$/%./2@

42?2 % -+,%$%012 ?C3!% +./$+ B/2?2- Q!K!.R2- C a/
√
2 ∼ 3, 8881 G +

-%7+.32 F#+ % ?%--% 32 M$"S.!2 C 39, 948 %?#@ ,23+?2- +-/!?%$ 2

42?,$!?+./2 3+ 2.3% /C$?!42 3+ T+ U$2"5!+ Λ ∼ 0, 7 G ,%$% T = 50K
F#+ C ?#!/2 ?+.2$ F#+ % -+,%$%012 ?C3!% +./$+ Q!K!.R2- 2 F#+ .2- ,+$9

?!/+ #-%$ % %,$2E!?%012 45B--!4% .+--+ -!-/+?% ,%$% +--% /+?,+$%/#$%

L2# ?%!2$+-O'

M 3!-/$!7#!012 3%- Q+524!3%3+- !.!4!%!- 3%- ,%$/A4#5%- 32 -!-/+?%

,23+ -+$ 8+!/% 3+ 3!8+$+./+- ?%.+!$%-' >2 +-/#32 3%- /$%.-!0V+- 3+ 8%-+@

%2 27/+$ % 4#$Q% 4%5W$!4%@ ,%$/!?2- 3+ #?% 3!-/$!7#!012 "%#--!%.% 3+

X%EY+559U25/K?%.. LXUO 4#Z% 3!-,+$-12

√
T L+? #.!3%3+- $+3#K!3%-@

Q+Z% M,N.3!4+ MO 42$$+-,2.3% % /+?,+$%/#$% 3+-+Z%3% L%,$2E!?%3%9

?+./+ % /+?,+$%/#$% ?C3!% 3% %?2-/$%"+?O' P2$/%./2@ 3+-3+ 2 !.A4!2

3% 3!.I?!4%@ +Q!/%9-+ % /$24% 3+ 4%52$ +./$+ $+-+$Q%/W$!2 + -!-/+?% L82$%

32 +F#!5A7$!2 /C$?!42O F#+ 42./$!7#!$!% 42? #?% %?2-/$%"+? 3% +.+$"!%

82$% 32  !" #$% 4%.S.!42'

[? +$$2 7%-/%./+ 42?#? +? $+5%012 % 3!-/$!7#!012 3+ Q+524!3%3+-

C %/$!7#!$ % /23%- %- Q+524!3%3+- !.!4!%!- 2 Q%52$ K+$2@ 2 F#+ $+-,+!/% %

42.3!012 3+ F#+ % ?C3!% 3%- Q+524!3%3+- -+Z% K+$2@ 42?2 3+-+Z%9-+@ ?%-

8%K 42? F#+ 2 -!-/+?% !.!4!%5 +-/+Z% +-/B/!42' [?% Q+K F#+ 2 -!-/+?%

+-/B -#7?+/!32 %2 ,2/+.4!%5 3+ \+..%$39]2.+- 4%3% ,%$/A4#5% +-/%$B -#9

Z+!/% % #?% 82$0%@ + 42.-+F#+./+?+./+ % #?% %4+5+$%012' ^./$+/%./2@

/23%- %- ,%$/A4#5%- /+$12 % ?+-?% %4+5+$%012 + 42.-+F#+./+?+./+ 2 "B-

&(
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 ! "! #$%&'( )*$ %!*+'$ "! ,&  &- ! *.$ %$* !'/&'( $ ,$,!*+$ #0*!&'

+$+&#1 2  ! !3!0+$4 5 %$*6!%0"$ %$,$  !"# $% &%'# (#)$#*

 

1

7&'& %&'&%+!'08&' & 0*+!'&9.$ "$ (+$,$ "! :';<*0$ /0& =$+!*%0&#

"! >? 5 *!%!  ('0$ 3$'*!%!' $ =&'@,!+'$ "$ =$+!*%0&# σ ! ǫ +A=0%$ 

"$ !#!,!*+$ )+&B!#& CD1EF-1 G$,$ "0 %H+0"$ &*+!'0$',!*+! *& +!$'0&4

$ =$+!*%0&# "! >? 5 H, =$+!*%0&# "! 0*+!'&9.$ &$ =&'! 4 $H  !I&4 &

!*!';0& =$+!*%0&# +$+&# & %&"& =&  $ "& "0*@,0%&  !'( "&"& %$,$ H,&

 $,& !*+'! $ =$+!*%0&# "! 0*+!'&9.$ !*+'! %&"& (+$,$ ! +$"$ $ $H+'$ 

N − 1 (+$,$ JH! %$* +0+H!, $ ;( 4  !, JH! 6&I& '!=!+09.$ "! =&'! 1

K ='LM0,$ =&  $ "&  0,H#&9.$ &=L 0*0%0&#08&' $  0 +!,& 3$'*!%!*"$

=$ 09N! ! /!#$%0"&"! 0*0%0&0 4 5 $ %(#%H#$ "& 3$'9&  $B'! +$"& & 

=&'+A%H#& 1 : 3$'9&  .$ "!'0/&"& "$ =$+!*%0&# "! 0*+!'&9.$ !*+'! & 

=&'+A%H#& 4 *!  ! %& $ $ =$+!*%0&# "! >? ! $B+5,O ! & &%!#!'&9.$ 0* +&*O

+@*!& "! %&"& =&'+A%H#&1 2 &  0,4 =$' ,!0$ "& !JH&9N! "! ,$/0,!*+$

!*%$*+'&,O ! *$/$ /&#$'! "! =$ 09.$ ! /!#$%0"&"!1 : =$ 09.$ ! /!#$O

%0"&"!4 3$'*!%!, *$/$ /&#$'! "! !*!';0& %0*5+0%&4 !*!';0& =$+!*%0&#

! &%!#!'&9.$1 P$/$ /&#$'! "! &%!#!'&9.$4 /0& !JH&9.$ "! ,$/0,!*+$

;!'&,4 *$/$ /&#$'! "! =$ 09.$ ! /!#$%0"&"!1 2  ! '##+  ! '!=!+! &+5

JH! $ *Q,!'$ +$+&# "! =&  $ "&  0,H#&9.$  !I& &#%&*9&"$1 7&'& &  0O

,H#&9N! &JH0 &='! !*+&"& !  ! '##+ '!=!+0HO ! =$' 104 =&  $ 1 :$ R,

"! %&"&  0,H#&9.$ 5 =$  A/!# %&#%H#&' $ /&#$'! ,5"0$ "& /&'0(/!0 

"! !I&"& )S0;1 D1E-1

: ! %$#6& "$ =&  $ "! +!,=$ ∆t ,&0 &"!JH&"$ =&'&  ! H &' *H,&

 0,H#&9.$ "! "0*@,0%& ,$#!%H#&' *.$ 5 H,& +&'!3&  0,=#! 1 T! $ ∆t ! O

%$#60"$ 3$' ,H0+$ =!JH!*$4 "0,0*H0O ! $ !''$ *H,5'0%$4 ,& =$"! #!/&'

H, +!,=$ +$+&# "!  0,H#&9.$ ,H0+$ ;'&*"! &+5 '!#&M&' & ;'&*"!8& &  !'

$B !'/&"&1 K 0"!&# 5 JH! $ ∆t 3$'*!9& H, !''$ *H,5'0%$ "$ $B !'/(/!#

"!*+'$ "$ !''$ )'! $#H9.$- !M=!'0,!*+&# ! $ +!,=$ +$+&# %$,=H+&%0$*&#

"!  0,H#&9.$  !I& 3&%+A/!#1 7&'& & $B !'/&9.$ "& +'&* 09N! "! 3& ! 3$0

! %$#60"$ H, =&  $ "! +!,=$ ∆t = 10−14s ! H, +!,=$ +$+&# "!  0,HO

#&9.$ "! 3M104 =&  $ "! ,$"$ & !/0+&' JH&#JH!' H, "$ ='$B#!,& 

#0 +&"$ 1
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 !" #$%&'()*+' ,+ -%'+ ,+ ./ 01' ,+ 2$345

&(6

 !"#$ "%#&'(#)#* #$!*+"#,%-* .#"# )'/%"%-+%* +%$.%"#+0"#*1 % 2!-*%3

40%-+%$%-+% )% 5%&!2')#)%*1 $#-+%-)! #* 2!-)'67%* '-'2'#'* )% .!*'68!1

-9$%"! )% .#"+:20&#* N 1 -9$%"! )% .#**!*1 ∆t % #&,0-* .#";$%+"!*
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mi|ṙi(τ)|2 789M;

N#+) #?(*!)">*,%& -# #.#"L*) &2>#'&$

< W >= −dNkBT 789O;

<&' d $#.-& ) -*'#.$*&.)+*-)-# -& $*$>#')6 N & .P'#"& -# !)">A0(+)$6

# kB ) 0&.$>).># -# 8&+>Q')..9

R4



 !"#$%&' () '*!+',,-. $. /%+% 0

 !"#$"%!"&' (&)$*&+ ,&!+-)$#%# % .&#/% "&"%0 12$ %3$ $* 2*% (%#4

"5,20% ,&*(&+"% )$ )2%+ ,&!"#-62-/7$+8 )% .&#/% -!"$#!% Fi' )$#-9%)%

)% -!"$#%/:& -!"$#%";*-,%8 $ )% .&#/% $<"$#!% FExterna
i =

FTotal
i = Fi + FExterna

i >?=@A

B .&#/% $<"$#!% C $<$#,-)% ($0%+ (%#$)$+ )% ,%-<% )$ +-*20%/:&=

D&!+-)$#%!)& %+ (%#"5,20%+ $* 2*% ,%-<% (%#%0$0$(-($)% )$ 0%)& Lx'

Ly' $ Lz' ,&* 2*% )%+ +2%+ 12-!%+ !% &#-3$* )& +-+"$*% )$ ,&&#)$!%4

)%+' $ 9&02*$ V = LxLyLz= B ,&!"#-62-/:& )$ < WExterno >' (&)$*
+$# &6"-)%+ % (%#"-# )$ >?=EA=

< WExterna >= Lx(−PLyLz)+Ly(−PLxLz)+Lx(−PLxLy) = −dPV
>?=FA

FG


